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Small Minimal Blocking Sets in P G(2, q3)
O. POLVERINO AND L. STORME
We extend the results of Polverino (1999, Discrete Math., 208/209, 469–476; 2000, Des. Codes
Cryptogr., 20, 319–324) on small minimal blocking sets in PG(2, p3), p prime, p ≥ 7, to small
minimal blocking sets in PG(2, q3), q = ph , p prime, p ≥ 7, with exponent e ≥ h. We characterize
these blocking sets completely as being blocking sets of Re´dei-type.
c© 2002 Academic Press
1. INTRODUCTION AND PRELIMINARY RESULTS
A blocking set of PG(2, q) is a set of points intersecting every line of PG(2, q) in at least
one point. A blocking set is called non-trivial when it does not contain a line. From now on,
we only consider non-trivial blocking sets.
A blocking set is called minimal when no proper subset of it is itself a blocking set, and a
blocking set is called small when it has less than 3(q + 1)/2 points.
For a minimal blocking set B of size q + k, it is easy to prove that |B \ L| ≥ q for every
line L of PG(2, q). If for some line L , |B \ L| = q , then the blocking set B is called a
Re´dei-type blocking set and the line L is called a Re´dei-line of B. Suppose in PG(2, q) we
use the coordinates x , y, z. Consider a Re´dei-type blocking set B of size at most 2q and let
L : z = 0 be a Re´dei-line of B. Consider the affine plane AG(2, q) = PG(2, q) \ L and
assume (0, 1, 0) 6∈ B. Then B \ L is equivalent to the graph {(x, f (x)) | x ∈ Fq} of a function
f defined over Fq and the elements of B ∩ L are the slopes of the secants to B \ L .
The small minimal Re´dei-type blocking sets have been almost completely classified by
Blokhuis et al. [1] who proved that small minimal Re´dei-type blocking sets in PG(2, q), with
q = pn and p 6= 2, 3, are defined by linear functions over a subfield of G F(q).
Let B be a small blocking set in PG(2, q), with q = pn , p prime. We call the exponent
of B the maximal integer e such that every line intersects B in 1 (mod pe) points. In [9],
Szo˝nyi proved that, if e is the exponent of a small minimal blocking set in PG(2, q), then
1 ≤ e ≤ n/2 and the size of B must lie in certain intervals depending on pe. The bounds for
the size of B given in [9] have been improved in [5] and [6] as follows:
THEOREM 1.1. Let B be a small minimal blocking set in PG(2, q), q = pn , p prime, of
exponent e. Then
|B| ≤ q + q
pe
+ q
p2e
+ 2 q
p3e
+ · · · ,
asymptotically, and
|B| ≥ q + q + p
e
pe + 1 + 1
for p ≥ 7.
As a corollary of Theorem 1.1, we have:
COROLLARY 1.2. If B is a small minimal blocking set in PG(2, q3), q = ph , p prime,
with exponent h. Then for p ≥ 7,
|B| = q3 + q2 + cq + 1,
where c = 0, 1.
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Let B be a small minimal blocking set in PG(2, q), q = pn , with exponent e. Let τi denote
the number of lines that intersect B in exactly i points. Since B has exponent e, τi = 0 for
i 6≡ 1 (mod pe). Then ∑
i≥0
τ1+i pe = q2 + q + 1, (1)
∑
i≥0
(1 + i pe)τ1+i pe = |B|(q + 1), (2)
∑
i≥0
i pe(1 + i pe)τ1+i pe = |B|(|B| − 1). (3)
We characterize the smallest minimal blocking sets in PG(2, q3), q = ph , p prime, p ≥ 7,
with exponent e ≥ h. This extends the results of [7] for q = p ≥ 7, q prime. The main
differences with [7] occur for q square since, in this case, we also have the examples of
minimal blocking sets arising from the Baer subplanes PG(2, q3/2).
The main motivation for extending the results of [7] is the use of blocking sets for solving
other geometrical problems. Knowing the exact description of small minimal blocking sets
enables classification results on other geometrical structures. For instance, the main Theo-
rem 4.1 has already been used to prove classification results on 1-blocking sets of PG(n, q3)
(see [8]) and on maximal partial spreads of PG(3, q3) (see [4]).
2. LACUNARY POLYNOMIALS
We use Re´dei’s notation f o for the degree of the polynomial f (X) ∈ Fq [X ] and we say
that a polynomial s(X) is the zerospolynomial of f if s | f and it contains all linear factors
of f exactly once. A polynomial f is called fully reducible in Fq [X ] when it factorizes com-
pletely into linear factors over Fq . The following lemma [6, Lemma 2.1] is a generalization
of Blokhuis’ result of [1, Lemma 3.1].
LEMMA 2.1 (POLVERINO [6]). Let f (X) be a polynomial fully reducible in Fq [X ] (q =
pn). Suppose f ′(X) 6≡ 0, f (X) = X qE g(X) − h(X), where E = pe, 0 < e < n, f o =
q/E +go, g and h are coprime and have degree at most (q/E −1)/(E −1). Then, for E ≥ 7,
we have one of the following possibilities;
• (E + 2)go ≥ qE + 2 − 2ho;
• g′ ≡ 0, gE |h′ and f (X) = (XgE − hE )−h′gE .
Recall from [7] the following lemma that we will use in the next sections.
LEMMA 2.2 (POLVERINO [7]). Let f (X) ∈ Fq [X ] be fully reducible and suppose that
f (X) = X qE g(X) − h(X), E = pe > 1, q/E > 1, f ′(X) 6≡ 0 and ho < qE + go. If s(X) is
the zerospolynomial of f and r(X) = f (X)/s(X), then one of the following cases holds:
(1) s = k · v where k | ( f ′/r), v | g and k p | f ;
(2) ho ≥ q+EE(E+1) + go;
(3) so ≤ q/E+(E+2)go2 .
The following theorem plays a crucial role in proving the characterization result of Theo-
rem 4.1.
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THEOREM 2.3 (BLOKHUIS, STORME, AND SZO˝NYI [2]). Let f ∈ Fq [X ], q = pn , p
prime, be fully reducible, f (X) = Xq g(X) + h(X), where (g, h) = 1. Let k = max(g◦, h◦)
< q. Let e be maximal such that f is a peth power. Then we have one of the following cases:
1. e = n and k = 0;
2. e ≥ 2n/3 and k ≥ pe;
3. 2n/3 > e > n/2 and k ≥ pn−e/2 − 32 pn−e;
4. e = n/2 and k = pe and f (X) = (aT(bX + c)+ d)pe or f (X) = (aNorm(bX + c)+
d)pe for suitable constants a, b, c, d ∈ Fq . Here T and Norm, respectively, denote the
trace and norm function from Fq to F√q ;
5. e = n/2 and k ≥ pe
⌈
1
4 +
√
(pe + 1)/2
⌉
;
6. n/2 > e > n/3 and k ≥ p(n+e)/2 − pn−e − pe/2, or if 3e = n + 1 and p ≤ 3, then
k ≥ pe(pe + 1)/2;
7. n/3 ≥ e > 0 and k ≥ ped(pn−e + 1)/(pe + 1)e;
8. e = 0 and k ≥ (q + 1)/2;
9. e = 0, k = 1 and f (X) = a(Xq − X).
3. RE´DEI POLYNOMIALS
Let B be a blocking set in PG(2, q). Fix a point P of B and a line L through P . Let
|B∩L| = 1+µ0 and |B| = q+m+µ0+1 = q+µ+1. Assume that L has equation z = 0, that
P = (1, 0, 0) and write B\L = {(ai , bi ) | i = 1, . . . , q + m} ⊂ AG(2, q) = PG(2, q)\L .
Let d1, . . . , dµ0 be the negative reciprocals of the slopes of the lines meeting L in a point of
B\{P}. The line t + X + uY = 0 intersects either B \ L or (B ∩ L) \ {P}. In the latter case,
u ∈ {d1, . . . , dµ0}. So the following polynomial
F(t, u) =
q+m∏
i=1
(t + ai + ubi )
µ0∏
j=1
(u − d j )
vanishes for all t , u ∈ Fq . This implies that
F(t, u) = (tq − t)G(t, u)− (uq − u)H(t, u),
where the polynomials G and H are of total degree µ in t and u. If F0, G0 and H0 are,
respectively, the parts of F , G and H that are homogeneous of total degree µ, we have
F0(t, u) =
q+m∏
i=1
(t + ubi )uµ0 = tq G0 − uq H0,
and putting u = 1, we obtain
f1(t) =
q+m∏
i=1
(t + bi ) = tq g1(t)− h1(t),
where go1 = m and ho1 ≤ µ.
The following properties will be used as well:
(A) the line y = bi is a (1 + m)-secant for B if and only if y = −bi is a zero of f1(t) with
multiplicity m;
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(B) if B has exponent e, then f1(t) is a peth power.
Denote by d1(t) the greatest common divisor of g1(t) and h1(t), and choose s maximal such
that f1/d1 ∈ Fq [t ps ]. If B has exponent e, then f1(t) and d1(t) are peth powers and hence
e ≤ s < n. Write f1(t)/d1(t) = ( f (t))ps with
f (t) = tq/ps g(t)− h(t),
where g1(t) = g(t)ps d1(t), h1(t) = h(t)ps d1(t), and f ′(t) 6≡ 0. In particular, go1 = do1 + ps go
and ho1 = do1 + psho, from which we have
go = m − d
o
1
ps
and ho ≤ µ− d
o
1
ps
. (4)
In the following sections, we will say that f1(t) is a Re´dei-polynomial of B with respect to
the point P and the line L , and that f (t) is the residual Re´dei-polynomial of f1(t). Note that
f1(t) is determined up to linear transformations.
4. SMALL MINIMAL BLOCKING SETS IN PG(2, q3), q = ph , WITH EXPONENT e ≥ h
In this section we will prove the main theorem of this paper:
THEOREM 4.1. In PG(2, q3), q = ph , h ≥ 1, p prime, p ≥ 7, the minimal blocking sets
with exponent e ≥ h are:
(a) a Baer subplane PG(2, q3/2) of cardinality q3 + q3/2 + 1 when q is a square;
(b) a minimal blocking set of size q3 + q2 + 1, projectively equivalent to the set K =
{(x,T(x), 1)|x ∈ Fq3} ∪ {(x,T(x), 0)| x ∈ Fq3 \ {0}}, with T the trace function from
Fq3 to Fq (that is, T : Fq3 → Fq : x 7→ x + xq + xq2);
(c) a minimal blocking set of size q3 + q2 + q + 1, projectively equivalent to the set K =
{(x, xq , 1)|x ∈ Fq3} ∪ {(x, xq , 0)|x ∈ Fq3 \ {0}}.
This is also the classification of the minimal blocking sets of the plane PG(2, q3) of size at
most q3 + q2 + q + 1.
REMARK 4.2. To motivate the lemmas and theorems which follow, we first describe in
detail these three minimal blocking sets.
The Baer subplanes only have tangents and (1 + q3/2)-secants. For all points P of a Baer
subplane, s = 3h/2 with respect to P and with respect to a secant L passing through P .
The minimal blocking set described in Theorem 4.1 (b) has one point lying on q+1 (1+q2)-
secants. This point P is called the vertex of the blocking set and s = 2h with respect to P and
a (1+ q2)-secant L . All the other points P of the blocking set lie on one (1+ q2)-secant, and
on q2 (1 + q)-secants; here s = h with respect to a pair (P, L).
The minimal blocking set of Theorem 4.1 (c) has one (1 + q + q2)-secant, and for the
remainder only (1 + q)-secants. Here s = h always.
In order to prove Theorem 4.1, we must distinguish between the cases e > h and e = h.
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4.1. Case e = h. Suppose that B is a small minimal blocking set in PG(2, q3), q = ph , p
prime, p ≥ 7, with exponent h. By Corollary 1.2, |B| = q3 + q2 + cq + 1 where c = 0, 1.
Let P be a point of B and let L be a secant to B through P . Following the terminology and
notation of Section 3, let f1(t) = tq3 g1(t)− h1(t) be a Re´dei-polynomial of B w.r.t. P and L
and let f (t) be the residual Re´dei-polynomial of f1(t). Since B has exponent h, h ≤ s < 3h.
Also, since µ0 ≥ ph and µ = m + µ0 = p2h + cph , from inequalities (4),
go ≤ p
2h + ph(c − 1)
ps
and ho ≤ p
2h + cph
ps
. (5)
The first important result is the next theorem which shows that only the values for s encoun-
tered in Remark 4.2 can occur.
THEOREM 4.3. Only the following values for s can occur:
(1) s = 3h2 , h even, and P lies on a dual Baer subline of lines, all containing at least
q3/2 + 1 points of B;
(2) s = 2h;
(3) s = h.
PROOF. We discuss the different cases of Theorem 2.3. We know 3h > s ≥ h. Let k =
ps max(g◦, h◦).
If 3h/2 > s > h, then k ≥ p(3h+s)/2 − p3h−s − ps/2 > p2h+1/2 − p2h−1 − p3h/2/2 which
contradicts the upper bounds on k, if p ≥ 7.
If s = 3h/2, then Case (4) of Theorem 2.3 and the upper bound on k imply that the residual
Re´dei-polynomial corresponding to (P, L) is associated with a trace or norm function from
Fq3 to Fq3/2 . In the latter case, this means that there is a dual Baer subline of lines through P
all of whose lines contain at least q3/2 +1 points of B. In the former case, there is a dual Baer
subline through P , which contains L , such that the lines of this dual Baer subline, different
from L , contain at least q3/2 + 1 points of B. Also, go = 0 and ho = 1 and from equalities
(4), we obtain µ− µ0 = do1 and q3/2 ≤ µ− d01 . This implies |L ∩ B| = µ0 + 1 ≥ q3/2 + 1
also; so P lies on a dual Baer subline of lines all containing at least q3/2 + 1 points of B.
Case (5) does not occur here, if one considers the upper bound on k.
If 2h > s > 3h/2, then the lower bound of Theorem 2.3 (3) implies that k > p2h+1/2 −
3p3h/2/2, which is bigger than the upper bound on k.
Finally, if s ≥ 2h, then Theorem 2.3 (2) guarantees that k ≥ p2h which implies that s = 2h.
2
We first discuss the case s = 2h. This occurs for the vertex of the minimal blocking set of
size q3 + q2 + 1 (Remark 4.2). This is a Re´dei-type blocking set. Unfortunately, we are not
able to prove this immediately; a second case (2.2) arises in Lemma 4.4 which will have to be
eliminated.
LEMMA 4.4. If s = 2h, then one of the following cases arises:
(2.1) B is of Re´dei-type;
(2.2) |B| = q3 + q2 + q + 1 and P lies on q + 1 secants of size q2 + 1 and on one secant of
size q + 1.
PROOF. Suppose L is not a Re´dei-line. Let f1(t) be a Re´dei-polynomial of B w.r.t. P and
L . Since s = 2h, f1(t)/d1(t) = ( f (t))p2h where f (t) = t ph g(t)− h(t). By inequalities (5),
we obtain go ∈ {0, 1}. If go = 1, then |L ∩ B| = 1 + ph , do1 = 0; and the other secants
through P must intersect B in 1 (mod p2h) points. Since none of them can intersect B in at
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least 1 + 2p2h points, necessarily P lies on one (1 + q)-secant and on 1 + q secants of size
1 + q2 (Case (2.2)). So assume that go = 0, which implies go1 = do1 , and ho ≤ 1. If ho = 0,
then f1(t)/d1(t) is a p3h th power. But this is not possible since B is non-trivial. So ho = 1
and ho1 = do1 + p2h . Since go1 = do1 and ho1 ≤ p2h + cph , necessarily do1 = ph , c = 1 and
µ0 = p2h . Also, f ′(t) = b with b a non-zero constant. Thus, either the secants to B through
P are all (1 + q2)-secants except for one which is a (1 + q)-secant (the line y = bi with
d1(−bi ) = 0) (Case (2.2)), or we can add these q points to a (1 + q2)-secant and we obtain a
(1 + q + q2)-secant; so, in this latter case, B is a Re´dei-type blocking set. 2
The case s = h occurs for all points different from the vertex of the minimal blocking set
of size q3 + q2 + 1, and for all points of the minimal blocking set of size q3 + q2 + q + 1
(Remark 4.2). Considering that these two examples are of Re´dei-type, unfortunately, the case
s = h does not immediately imply that B is of Re´dei-type. Cases (3.2) and (3.3) of Lemma 4.5
will have to be eliminated; and it will have to be shown that Case (3.1) cannot occur for all
secants to B.
LEMMA 4.5. If s = h, then one of the following cases occurs:
(3.1) |B ∩ L| ≤ 1 + (3 + c)q, with c as in Corollary 1.2;
(3.2) |B| = q3 + q2 + q + 1, |B ∩ L| = 1 + q2 and P lies on 1 + q2 (1 + q)-secants;
(3.3) |B| = q3 + q2 + q + 1, |B ∩ L| = 1+ q2 and P lies on q2 − 1 (1+ q)-secants and on
one (1 + 2q)-secant;
(3.4) B is of Re´dei-type.
PROOF. Suppose L is not a Re´dei-line. We follow the arguments of the proof of [6, The-
orem 3.6] which uses the arguments of Lemma 2.2. As in [6, p. 474], the first possibility of
Lemma 2.2 gives
µ0 ≤ (4 + c)ph + (2c − 10)p
h
ph + 2 .
From µ0 ≡ 0 (mod ph), we obtain µ0 ≤ (3 + c)ph (Case (3.1)).
In the second case of Lemma 2.2, we have g′(t) ≡ 0, g ph | h′ and
f (t) = (tg ph − h ph )−h
′(t)
g ph
;
in particular ho ≥ (h′)o ≥ ph go. Then, comparing the degrees, we find
f o = p2h + go ≥ phho ≥ p2h go;
so go = 0 or go = 1. Since g′(t) ≡ 0, we have go = 0 and
f (t) = t p2h − h(t) = (t − h ph )(−h′(t)),
which implies
p2h = phho + (h′)o ≤ phho + ho − 1,
so ho ≥ ph . But ho ≤ ph + 1 and p2h = phho + (h′)o, then ho = ph and (h′)o = 0. This
implies, since m > 0 and m = do1 + ph go = do1 , do1 ≥ ph and hence ho1 = do1 + phho ≥
ph+ p2h ; but ho1 ≤ p2h+cph , so c = 1, do1 = ph and µ0 = p2h , that is, |B| = q3+q2+q+1
and |B ∩ L| = 1 + q2. Also, f ′o = h′o = 0 and this implies that either the secants through
P different from L are all (ph + 1)-secants except for one which is a (1 + 2ph)-secant (the
line y = bi where d1(−bi ) = 0) (Case (3.3)), or every secant through P , different from L , is
a (1 + ph)-secant (Case (3.2)). 2
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Given a point P of B and a secant L through P , we say that the pair (P, L) is of type (2.2)
if s = 2h and Case (2.2) of Lemma 4.4 occurs. Similarly, we say that the pair (P, L) is of type
(3. j) ( j = 1, 2, 3) if s = h and Case (3. j) ( j = 1, 2, 3) of Lemma 4.5 occurs. If for a given
pair (P, L), the corresponding residual Re´dei-polynomial is of the form given in Theorem 2.3
(4) (this happens when s = 3h/2), then we call the pair a Baer pair. By Theorem 4.3 (1), we
know that P lies on a dual Baer subline of lines containing at least q3/2+1 points of B. Since
two distinct dual Baer sublines through P share at most two lines, this latter dual Baer subline
through P is unique.
We now prove that the existence of at least one Baer pair implies that B is a Baer subplane.
Although a Baer subplane is a minimal blocking set, we need to exclude this possibility in
this section since we are assuming that e = h, and for a Baer subplane, e = 3h/2.
LEMMA 4.6. Let P be a point of B and let L be a secant line through P such that (P, L) is
a Baer pair. Let L1, . . . , Lq3/2+1 be the lines through P, of the dual Baer subline, containing
at least q3/2 + 1 points of B.
For at least q3/2 of these lines L i , (P ′, L i ) is a Baer pair for all points P ′ ∈ B ∩ L i .
PROOF. Suppose P ′ ∈ L1∩B. Assume that the residual Re´dei-polynomial f corresponding
to (P ′, L1) is not associated with a trace or norm function, then it follows from the preceding
lemmas that |L1 ∩ B| = 1 + p2h , since |L1 ∩ B| ≥ 1 + q3/2.
Suppose that this occurs, for instance, for the lines L1 and L2. Then on the lines
L1, . . . , Lq3/2+1, there lie at least 1 + (p3h/2 − 1)p3h/2 + 2p2h > p3h + p2h + ph + 1
points. This is false. 2
DEFINITION 4.7. A line L is called long when it contains at least q3/2 + 1 points of B.
Let P ∈ B and let L be a line passing through P . We call the pair (P, L) special when
(P, L) is a Baer pair and L is one of the lines of the dual Baer subline of long lines through
P . This is equivalent to the fact that the residual Re´dei-polynomial corresponding to (P, L)
is associated with the trace function.
THEOREM 4.8. Let B be a minimal blocking set of size at most q3 + q2 + q + 1. Suppose
there exists a Baer pair (P, L). Then B is a Baer subplane.
PROOF. We follow the arguments of [2]. We first remark that the total number of long lines
is bounded above by (p3h + p2h + ph + 1)(p3h/2 + ph/2)/(p3h/2 + 1) [2, Lemma 4.2].
If there is a Baer pair (P, L), then there are at least q3 + 1 points that lie in a Baer pair
(Lemma 4.6). Suppose that a Baer pair (P, L) is not special, then L does not belong to the
dual Baer subline of long lines through P , but replacing L by one of those lines, say M ′,
the pair (P, M ′) is special. If no long line L contains at least two points P and P ′ for which
(P, L) and (P ′, L) are special, then there are at least (q3 + 1)(p3h/2 + 1) long lines, but this
contradicts the preceding upper bound on the number of long lines.
So there is a line L containing at least two points P1 and P2 of B for which (P1, L) and
(P2, L) are special. We now show that B is a Baer subplane. Here too, we follow the argu-
ments of [2, Proposition 4.5].
Let R1 = {L = L0, L1, . . . , Lq3/2} be the unique dual Baer subline of long lines through
P1 and R2 = {L = M0, M1, . . . , Mq3/2} be the unique dual Baer subline of long lines
through P2. Let B1 be the set of points of B on L1, . . . , Lq3/2 and B2 the set of points of
B on M1, . . . , Mq3/2 . So |B1|, |B2| ≥ q3; which implies |B1∩ B2| ≥ 2q3− (q3+q2+q+1).
The q2 intersection points of the lines ofR1 \ {L} andR2 \ {L} form a subset of a Baer sub-
plane 5. Suppose there exists a point R ∈ 5 \ B. Then R lies on q3 − q3/2 lines only
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intersecting 5 in R. Each one of these lines contains at least one point of B. So |B| ≥
q3 − q3/2 + 2q3 − (q3 + q2 + q + 1) which is more than q3 + q2 + q + 1. This implies that
B is equal to the Baer subplane 5. 2
From now on, assume that there are no Baer pairs.
THEOREM 4.9. Let B be a small minimal blocking set in PG(2, q3), q = ph , p ≥ 7, with
exponent h. Then at least one of the following cases occurs:
(1) B is of Re´dei-type;
(2) |B ∩ L| ≤ 1 + (3 + c)q for every line L, with c as in Corollary 1.2;
(3) |B| = q3 +q2 +q + 1 and there is one (1+q2)-secant, exactly q (1+ 2q)-secants and
the other secants are (1 + q)-secants.
PROOF. Suppose that B is not of Re´dei-type and that there exists a line L such that |B ∩
L| > 1+ (3+ c)q . Then the pair (P, L), for every P ∈ B ∩ L , is of type (2.2), (3.2) or (3.3).
In particular, |B| = q3 + q2 + q + 1 and |B ∩ L| = 1 + q2. This implies that every secant to
B through a point of L \ B is a (1 + q)-secant. Now, suppose that for every P ∈ L ∩ B, the
pair (P, L) is of type (2.2) or (3.2). Then every secant intersects B in 1+ q or 1+ q2 points.
In this case, by Eqns (1), (2) and (3),
q(q − 1)τ1+q2 =
(3)− (q + 1)[(2)− (1)]
q2
= q(q + 1),
a contradiction.
Thus there exists a point T on L ∩ B such that (T, L) is of type (3.3). Denote by M the
unique (1 + 2q)-secant through T . If P is a point of (B ∩ L) \ {T }, then joining P to the
points of (M ∩ B) \ {T }, we obtain already 2q lines through P which are secants. Therefore
(P, L) is not of type (2.2). This implies that for every P ∈ L , the pair (P, L) is of type (3.2)
or (3.3). Therefore, there exists only one (1+q2)-secant. Since τ1+q2 = 1 and since the other
lines intersect B in 1, 1 + q or 1 + 2q points; by Eqns (1), (2) and (3), τ1+2q = q . 2
LEMMA 4.10. Case (3) of Theorem 4.9 does not occur.
PROOF. Suppose that we are in Case (3) of Theorem 4.9. Let L be a (1 + 2q)-secant and
denote by M the unique (1 + q2)-secant to B. Fix a point P on B ∩ L not on M . Then there
exist at least 1+ q2 lines through P which are secants. Let f1(t) be a Re´dei-polynomial of B
w.r.t. P and L , that is,
f1(t) = tq3 g1(t)− h1(t),
where go1 = m = q2 − q and ho1 ≤ µ = q2 + q. Since B has exponent h, f1(t) is a qth power
and f1(t) = ( f (t))q , with f (t) = tq2 g(t) − h(t) where gq = g1 and hq = h1; in particular
go = q − 1 and ho ≤ q + 1. If f ′(t) ≡ 0, then there is a zero of f1(t) with multiplicity at
least ph+1, that is, there is a secant through P with at least 1 + ph+1 points of B, and this is
false. Then f ′(t) 6≡ 0. Let s(t) be the zerospolynomial of f (t) and let r(t) = f (t)/s(t). Now,
apply Lemma 2.2 to the polynomial f (t).
Case (1):
s = k · v where k|( f ′/r), v|g and k p| f.
If ko > 0, there is a zero of f (t) with multiplicity at least p which gives a zero of f1(t)
with multiplicity at least ph+1 and this is not possible. So ko = 0, s = v | g and hence
so ≤ go = q − 1. So there exist at most q − 1 secants through P different from L , again a
contradiction.
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Case (2): ho ≥ q3+qq(q+1) + go.
Since ho ≤ q + 1 and go = q − 1, Case (2) is never possible.
Case (3): so ≤ q2+(q+2)go2 .
In this case, since f o = so + ro = q2+q −1, we have ro > 0. This means that there exists at
least one multiple root of f (t) and hence there exists at least one (1 + 2q)-secant through P
different from L . This is true for every point P ∈ (B ∩ L) not on M . Then, there are at least
2q (1 + 2q)-secants different from L , and this is impossible. 2
THEOREM 4.11. The small minimal blocking sets in PG(2, q3), q = ph , p prime, p ≥ 7,
with exponent h, are of Re´dei-type.
PROOF. If B is not of Re´dei-type, then Case (2) of Theorem 4.9 holds.
We first determine a lower bound for the number tP of tangent lines through a point P of
B. This is proved using the arguments of [7, Theorem 3.1], replacing p by q:
• if |B| = q3 + q2 + 1, then tP ≥ q3 − q2 + 2 for each P ∈ B;
• if |B| = q3 + q2 + q + 1, then either tP ≥ q3 − q2 − q/2 + 1 or tP = q3 − q2 − q
for each P ∈ B. Moreover, there exist at least 2q2 + 3q + 1 points of B having tP ≥
q3 − q2 − q/2 + 1.
We then use the proof of Corollary 3.2 and Theorem 3.3 of [7], again replacing p by q to
eliminate these non-Re´dei-type blocking sets. 2
4.2. Case e > h. Suppose that B is a small minimal blocking set in PG(2, q3), q = ph ,
p ≥ 7, with exponent e bigger than h. We will show that h is even and that B is a Baer
subplane of PG(2, q3). By Theorem 1.1, |B| ≤ p3h + p2h−1 + 1.
Let P be a point of B and let L be a secant to B through P . As in Section 4.1, let f1(t) =
tq
3 g1(t)−h1(t) be a Re´dei-polynomial of B w.r.t. P and L and let f (t) be the residual Re´dei-
polynomial of f1(t). Recall that ( f (t))ps = f1(t)/d1(t), where d1(t) is the greatest common
divisor of g1(t) and h1(t) and that s is the maximal integer such that f1/d1 ∈ Fq3 [t ps ].
Theorem 2.3 again leads us to the characterization.
THEOREM 4.12. Let B be a small minimal blocking set of PG(2, q3), q = ph , p prime,
h ≥ 1, p ≥ 7, of exponent e bigger than h.
Then, h is even, B is a Baer subplane and e = 3h/2.
PROOF. We first determine the value of s.
Let k = ps max(g◦, h◦). If 3h/2 > s > h, then k ≥ p(3h+s)/2 − p3h−s − ps/2 >
p2h − p3h−s − ps/2 which contradicts the upper bounds on k. If s = 3h/2, then Case (4) of
Theorem 2.3 and the upper bound on k imply that the residual Re´dei-polynomial correspond-
ing to (P, L) is associated with a trace or norm function from Fq3 to Fq3/2 .
If 2h > s > 3h/2, then the lower bound of Case (3) of Theorem 2.3 implies that k >
p2h+1/2 − 3p3h/2/2 which is bigger than the upper bound on k.
Finally, if s ≥ 2h, then Case (2) of Theorem 2.3 guarantees that k ≥ p2h which contradicts
the upper bound on k.
So s = 3h2 always and h is even.
The preceding calculation shows that a pair (P, L), with P belonging to B and with L a
secant through P , always is a Baer pair.
Using the arguments of the preceding section, it is shown that B is a Baer subplane. 2
92 O. Polverino and L. Storme
4.3. Proof of Theorem 4.1. The preceding results now prove Theorem 4.1. We only need
to prove the explicit descriptions of the blocking sets in Theorem 4.1 (b), (c). We have
proved that these blocking sets are minimal blocking sets of Re´dei-type of exponent h (The-
orem 4.11), that is, they are G F(q)-linear blocking sets of Re´dei-type in PG(2, q3) [1].
By [3], this means that they are the projection, from a point R, of a subgeometry PG(3, q) in
PG(3, q3) onto a plane PG(2, q3). If R lies on a secant line to this subgeometry PG(3, q),
then the blocking set is projectively equivalent to the blocking set of Theorem 4.1 (b), while
if R does not lie on a secant line to this subgeometry PG(3, q), then the projection is projec-
tively equivalent to the blocking set of Theorem 4.1 (c).
A more detailed description of this proof can be found in [5, Theorem 4.3.17]. 2
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